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1. Introduction 



> 

(N 

Ci^ ■ Let / and g be states on a unital *-algebra A. Suppose that these 

\Q ', states are realized as vectors states of a common ^-representation vr 

t:;;}^ I of A on a Hilbert space with unit vectors (f and ip, respectively, that 

O ' is, /(a) = {'n'{a)(f,(f) and g{a) = {it {a)il! , ip) for a & A. In quan- 

tum physics the number \{ip,ilj)\'^ is then interpreted as the transition 
probability from f to g in these vector states. The (abstract) transi- 
- ^ , tion probability PaH, g) is defined as the supremum of values | {(f, V') P, 

r> ■ where the supremum is taken over all realizations of / and g as vec- 

C^ . tors states in some common *-representation of A. This definition was 

introduced by A. Uhlmann [T7]. The square root a/ -Pa (/^fi') is often 
called fidelity in the literature j3], [TO] . 

The transition probability is related to other important topics such 
as the Bures distance pj, Sakai's non-commutative Radon-Nikodym 
theorem ^ and the geometric mean of Pusz and Woronowicz y^. It 
was extensively studied in the finite dimensional case (see e.g. the 
monograph [7]) and a number of results have been derived for C*- 
algebras and von Neumann algebras (see e.g. [5], [6], [I], [2], [1], [3], 
PJ). 

The aim of the present paper is to study the transition probabil- 
ity PA{f,g) for positive linear functionals / and g on a general unital 
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*-algebra A. Then, in contrast to the case of C*-algebras, the corre- 
sponding ^-representations of A act by unbounded operators in general 
and a number of technical problems of unbounded representation theory 
on Hilbert space come up. Dealing with these difficulties in a proper 
way is a main purpose of this paper. In section |2] we therefore collect all 
basic definitions and facts on unbounded Hilbert space representations 
that will be used throughout this paper. 

In section |3] we state and prove our main theorems about the tran- 
sition probability PA{f,g) for a general *-algebras. The crucial as- 
sumption for these results is the essential self-adjointness of the GNS 
representations ttj and vr^. This means that we restrict ourselves to 
a class of "nice" functionals. In contrast we do not restrict the *- 
representation it where the functionals / and g are realized as vector 
functionals. (In some results it is assumed that vr is closed or biclosed, 
but this is no restiction of generality, since any ^-representation has a 
closed or biclosed extension.) 

In section H] we apply Theorem [S] from section 12] to generalize two 
standard formulas (^^ and ( 15^ for the transition probability to the un- 
bounded case; these formulas concern trace functionals /(■) = Trp(-)t 
and functionals on commutative *-algebras given by integrals. A simple 
counter-example based on the Hamburger moment problem shows that 
these formulas can fail if the assumption of essential self-adjointness of 
GNS representations is omitted. In section [5] we determine the tran- 
sition probability of positive functionals on the Weyl algebra given by 
certain functions from C^(M). In this case both GNS representations 
TTf and TTg are not essentially self-adjoint and the corresponding formula 
for PA{f,g) is in general different from the standard formula (I24p . 

Throughout this paper we suppose that A is a complex unital *- 
algebra. The involution of A is denoted by a — ?■ a^ and the unit element 
of A by 1. Let V{A) be the set of all positive linear functionals on A. 
Recall that a linear functional / on A is called positive if f{a^a) > 
for all a G v4. Let ^ A"^ be the set of all finite sum of squares a^a, 
where a E A. All notions and facts on von Neumann algebras and on 
unbounded operators used in this paper can be found in jTlj and |16] . 
respectively. 



2. Basics on Unbounded Representations 

Proofs of all unproven facts stated in this section and more details 
can be found in the author's monograph [15j . Proposition [1] below is a 
new result that might of interest in itself. 
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Let {V, {■,■)) be a unitary space and {71, {■,■)) the Hilbert space 
completion of {V, {■, ■)). We denote by L{V) the algebra of all linear 
operators a : "D — )■ "D, by J-p the identity map of V and by 6(7/) the 
*-algebra of all bounded linear operators on "H. 

Definition 1. A representation of A on V is an algebra homomor- 
phism n of A into the algebra L{T>) such that 7r(l) = Jp and 7r(a) is 
a closable operator on % for a & A. We then write Viji) := V and 

■H{n) ■.= n. 

A *-representation n of A on V is a representation tt satisfying 

(1) {7r{a)Lp,ijj) = {Lp,n{a'^)%jj) for a E A, v^,'?/' G ^(vr). 
Let TT be a representation of A. Then 

(2) V{n*) := HaeA ^(vr(a)*) and 7r*(a) := 7r(a+)* \V{n*) for a E A, 

defines a representation n* of A on V{n*), called the adjoint represen- 
tation to TT. Clearly, tt is a *-representation if and only if tt C tt*. 
If TT is a *-representation of A, then 



(3) V{7T):=naeA'D{7i{a))and7T{a):=7r{a)\V{W), a E A, 

(4) V{n**) := naeAV{7i*{ay) and n**{a) := n*{a+y\V{TT**), a E A, 

are *-representations tt* and tt** of A, called the closure resp. the 
biclosure of vr. Then 

.. _ vr C TT C TT . 

If TT is a *-representation, then 'H{it) = 'H{'k*). But for a representation 
TT it may happen that the domain ©(tt*) is not dense in 'H{7r), that is, 
nin*) ^n{Tx). 

Proposition 1. Let n and p be representations of a *-algebra A such 
that p C TT. Then: 

(i) Pn(p)n*{a) C p*{a)Pu{p), where P^^p) is the projection of 'H(7r) 

onto 'H(p). 
(ii) // nip) = nin), then n* C p* . 
(iii) p** Ctt**. 

Proof, (i): Let P denote the projection Pn{p) aiid fix ip E ©(tt*). Let 
if ET>{p) and a E A. Using the assumption p O tt we obtain 

{p{a+)^,P^) = {Pp{a+)y,,^) = (p(a+)v^,^) = (7r(a+)v9,^) 

= (v9,7r(a+)» = (v^,7r*(a)^) = (Py^, 7r*(a)^) = (v^, P7r*(a)7A). 

From this equality it follows that Pip E V{p{a^)*) and p{a^)*Pil) = 
P-K*{a)i). Hence ip E nbeAV{p{by) = V{p*) and p*{a)Pij = PTx*{a)i). 
This proves that Pn*{a) C p*{a)P. 
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(ii) follows at once from (i), since P = / by the assumption 7/(p) = 

(iii): Let C e V{p^*) and ^j G V{7i*). Since n{p^*) C ?^(p*) C nip) 
by definition, P^ = ^. By (i), P^^ G V{p*) and p*{a)Pilj = P'K*{a)i). 
Therefore, we derive 

(7r*(a)^,0 = (7r*(a)^,P0 = (P7r*(a)^,0 

= (p*(a)P^,0 = {i^,Pp*{ar^) = (^,p**(a+)0 

for a e A. Hence ^ G r'(7r*(a)*) and 7r*(a)*^ = p**(a+)C for a e A. 
This implies that ^ G ©(tt**) and 7r**(a+)^ = 7r*(a)*^ = p**(a+)^. 
Thus we have proved that p** C vr**. D 

Definition 2. yl * -representation ti of a *-algebra A is called 

- closed if 71 = 71 , or equivalently, if V{7i) = V{w), 

- biclosed if 7t = vr**, or equivalently, if 'D[7t) = V{7r**), 

- self-adjoint if 7t = 7t* , or equivalently, if 'D{7i) = V{n*), 

- essentially self-adjoint if tt* is self-adjoint, that is, if vr* = vr**, or 
equivalently, if ©(vr**) = ©(vr*). 

Remark. It should be emphasized that the preceding definition of 
essential self-adjointness is different form the definition given in [15| . 
In [T5| Definition 8.1.10], a *-representation was called essentially self- 
adjoint if 7f is self-adjoint, that is, if vf = vr*. 

Let vr be a *-representation. Then the ^-representations W and vr** are 
closed, vr** is biclosed and (vf)* = vr*. It may happen that vf ^ vr**, so 
that vf is closed, but not biclosed. The locally convex topology on T>{7c) 
defined by the family of seminorms {|| ■ ||a := ||7r(a) ■ ||; a G A} is called 
the graph topology and denoted by t^(yi)- Then the * -represent at ion tt 
is closed if and only if the locally convex space P(7r)[t7r(A)] is complete. 

Proposition 2. // tti is a self-adjoint *-subrepresentation of a *- 
representation tt of A, then there exists a * -representation 7r2 of A 
on the Hilhert space H{7t) QTii^rri) such that tt = tti © 7r2. 

Proo/. [151 Corollary 8.3.3]. □ 

For a *-representation of A we define two commutants 

7r(A); = {T e B{H{tx)) : Tip G ©(vr), T7i{a)ip = 7:{a)Tip for a G A, V' e ©"(tt)}. 



7r(A);, = {T e B{H{7i)) : T 7r(a) C 7r(a) T, T* 7r(a) C 7r(a) T* }. 

The symmetrized commutant 7r(y4)^^ is always a von Neumann algebra. 
If vr is closed, then 

(5) vr(A)L = vr(A)l n (7r(A)'J*. 
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If TTi and 7T2 are representations of A, the interwining space /(tti, 712) 
consists of all bounded linear operators T of 'H(7ri) into 'H{tx2) satisfying 

(6) 

Tip &V {112) and T'Ki{a)ip = T:2{,o)Tip for a & A,ip EVijii). 

The *-representation vtj in the following proposition is called the 
GNS representation associated with the positive linear functional /. 

Proposition 3. Suppose that f G V{A). Then there exists a *- 
representation iTf with algebraically cyclic vector iff, that is, T>{TXf) = 
TTf{A)(ff, such that 

f(a) = {'Kf{a)ipf,(pf), ae A. 

If 71 is another * -representation of A with algebraically cyclic vector if 
such that f{a) = {7c{a)if, if) for all a & A, then there exists a unitary 
operator U ofHiji) onto'H{7if) such thatUV{n) =V{nf) andnf^a) = 
U*n{a)U for a e A. 

Proof. [T5I Theorem 8.6.4]. D 

We study some of the preceding notions by a simple but instructive 
example. 

Example 1. {One- dimensional Hamburger moment problem) 
Let A by the polynomial *-algebra C[x] with involution determined by 
x^ := X. We denote by M(]R) the set of positive Borel measures /i such 
that p{x) G L^(R, /i) for all p G C[x]. The number s„ = J x"'dfi{x) 
is the n-th moment and the sequence s(/i) = (s„)„gNQ is called the 
moment sequence of a measure fi G M(]R). The moment sequence 
s(/i), or likewise the measure /i, is called determinate, if the moment 
sequence s{^) determines the measure /i uniquely, that is, if s(/i) = s(z/) 
for some u G M(M) implies that v = ix. 

For yU G M(]R) we define a ^-representation tt^ of A = C[x] by 
'^ij,{p)Q = P ' Q for p E A and q G 'C'(vr^) := C[a;] on the Hilbert space 
'H{^^^,) := L2(R,/i). Put f^{p) = j p\x)d^i{x) for p G C[x]. Obviously, 
the vector 1 G 'DItc^) := C[x] is algebraically cyclic for vr^. Therefore, 
since /^(p) = (7r^(p)l, 1) for p G C[x], tt^ is (unitarily equivalent to) the 
GNS representation tcj of the positive linear functional f^on A = C[x]. 

Statement: The * -representation vr^ is essentially self-adjoint if and 
only if the moment sequence s(/i) is determinate. 

Proof. By a well-known result on the Hamburger moment problem (see 
e.g. |16l Theorem 16.11]), the moment sequence s(yu) is determinate 
if and only if the operator ttJx) is essentially sel-adjoint. By [151 
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Proposition 8.1(v)], the latter holds if and only if the ^-representation 
(tt^)* is self-adjoint, that is, if vr^ is essentially self-adjoint. D 

By [T5| Proposition 8.1 (vii)], the closure vf^ of the *-representation 
7T^ is self-adjoint if and only if all powers of the operator 7r^(x) are 
essentially self-adjoint. This is a rather strong condition. It is fulfilled 
(for instance) if 1 is an analytic vector for the symmetric operator 
'7Tfj^[x), that is, if there exists a constant M > such that 

||7r^^(a;)"l|| = sli^ < M"n! for neN. 

From the theory of moment problems it is well-known that there are 
examples of measures fi G M(M.) for which 7r^(x) is essentially self- 
adjoint, but 7r^(x^) is not. In this case vr^ is essentially self-adjoint 
(which means that (vr^)* is self-adjoint), but the closure W^ of tt^ is 
not self-adjoint. 

3. Main Results on Transition Probabilities 

Let RepA denote the family of all *-representations of A. Given 
vr G RepA and / G V{A), let S{TT,f) be the set of all representing 
vectors for the functional / in V^n), that is, S^ii, f) is the set of vectors 
(f G 'C'(vr) such that /(a) = {n{a)(p, (p) for a & A. Note that S'(7r, /) 
may be empty, but by Proposition [3] for each / G V{A) there exists a 
*-representation ir oi A for which 5'(7r, /) is not empty. If / is a state, 
that is, if /(I) = 1, then all vectors ip G >S'(7r, /) are unit vectors. 

Definition 3. For f,g & ^(^) ^he transition probability PA{f,g) of 
f and g is defined by 

(7) PA{f,g)= sup sup |(¥',V')P- 

If A is a unital *-subalgebra of B and f,g & V{B), then it is obvious 
that 

(8) PBU.g)<VAU\A,9\A), 

because the restriction of any *-representation of i? is a *-representation 
of A. 

Let Q{f,g) denote the set of all linear functionals on A satisfying 

(9) \F{b+a)\^ < f{a+a)g{b+b) for a,b e A. 

Any vector (f G 5'(7r, /) is called an amplitude of / in the representation 
TT and any linear functional of G{f, g) is called a transition form from / 
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to g. If (/) G 5(7r, /) and ijj G 5(71, g), then the functional F^^^p defined 
by 

(10) F^,M '■= (7i"(a)¥?,V'), aeA, 

is a transition form from / to g. Indeed, for a, 6 G A we have 

\F^Ab^a)\' = |(7r(6+a)¥.,V')r = \{nia)^,n{b)i;)\' 
< \\nia)^\mnib)^f = /(a+a)^(6+6) 

which proves that F<^_^ G Q{f,g). By Theorem H] below, eac/i functional 
F G Q{f,g) arises in this manner. The number |F^^^(l)p = |((y9,^)p 
is called the transition probability of the amplitudes (p and ijj and by 
definition the transition probability PA{f,g) is the supremum of all 
such transition amplitudes. 

The following description of the transition probability was proved 
by P.M. Alberti for C*-algebras jT] and by A. Uhlmann for general 
*-algebras [18] . 



Theorem 4. Suppose that /, G ^^{A). Then 

(11) PA{f,9)= sup |F(l)|l 

There exist a * -representation tt of A and vectors ip G ^(Tr, /) and 
ip G S{TT,g) such that 

(12) PA{f,9) = \{v,^P)\'. 

Next we express the transition forms of Q{f,g) and hence the tran- 
sition probability in terms of intertwiners of the corresponding GNS 
representations. This provides a powerful tool for computing the tran- 
sition probability. Recall ttj denotes the GNS representation of A asso- 
ciated with / G V{A) and (ff is the corresponding algebraically cyclic 
vector. 

Proposition 5. Suppose that f,g & '^(^)- Then there a one-to-one 
correspondence between the sets G{f,g) and I {tt j , {tt g)*) given by 

(13) F{b-^a) = {TTTf{a)^f,TTg{b)<pg) for a,b e A, 

where F G Q{f,g) and T G I {tt f ^ {tt g)*) . In particular, F{1) = 

{Tipf,iPg). 

Proof. Let F eg{f,g). Then 

\F{b+a)\''<f{a*a)g{b*b) = \\TTf{a)^jf\\^g{b)^gf for a, 6 G A 
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Hence there exists a bounded linear operator T of 'H{Wg) into l-iijif) 
such that ||T|| < 1 and (IT^ holds. Let a,h,c G A. Using (IT^ we 
obtain 

(T7rKa)^/,7r,(c+)7r,(6)^,) = F((c+6)+a) = F(6+(ca)) 

= (^^/(c)vr/(a)(^/,7r<,(6)v9g). 

Hence TTTf{b)ipf G X'(7rg(c)*) and TTg{c)*Tnf{a)ipf = Tnf{c'^)TTf{a)ipf. 
Because c & A was arbitrary, TTTf{a)(ff G ©((vTg)*). Then 

(7r<,)*(c+)T7r/(a)y?/ = T7r/(c+)7r/(a)¥P/ for a G A, 

which means that T G /(vtj, (tt^)*). 

Conversely, let T G /(ttj, (tt,,)*) and ||T|| < 1. Define F(a) = 
{T7Tf{a)ipf,ipg) for a & A. It is straightforward to check that flT5|) 
holds and hence ([9]), that is, F G Q{f,g)- 

Clearly, by (fT3|) . F = is equivalent to T = 0. Thus we have a one- 
to-one correspondence between functionals F and operators T. D 

Combining Theorem H] and Proposition \5\ and using the formula 

F{1) = {Tipf, ifg) we obtain 

Corollary 6. For any f,g ^ 'Pi^) "^^ have 

(14) PA{f,9)= sup \{Tcpf,cpg)\'. 

Te/(7r^.,(7rg)*),l|r||<l 

If the GNS representations of / and g are essentially self-adjoint, a 
number of stronger results can be obtained. 

Theorem 7. Suppose that f and g are positive linear functionals on 
A such that their GNS representations iif and iTg are essentially self- 
adjoint. Let 7C be a biclosed *- representation of A such that the sets 
S{n,f) and S{n,g) are not empty. Fix vectors (p G S{Tr,f) and ip G 
S{7T,g). Then 

(15) P{f,g)= sup |(T^,^)r. 

re7r(A)^,,||r||<i 

Proof. Let T G 7r(y4)'^^ and ||T|| < 1. Similarly, as in the proof of 
Proposition 13 we define F{a) = {T'n-{a)ip,tp), a ^ A. Since 7r(y4)^^ C 
7r(A)'^, we obtain 

|F(6+a)p = \{Tn{b^a)v,ij)\' = \{n{b+)Tn{a)^,ij)\' 

= \{Tn{a)if,1T{b)^|J)\' < Ma^ ||7r(6)^f = f{a+a)g{bn) 

for a,b G A, that is, F G Q{f,g)- Clearly, we have {Tip,ip) = 
F{1). Let pf and pg denote the restrictions 7r\7r{A)(p and 7r\7r{A)i/j, 
respectively. Since p/ C vr and Pg ^ t^ and tt is biclosed, it follows 
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from Proposition lU^iii) that (p/)** C tt** = tt and (pg)** C n** = vr. 
Since ip G S{n,f) and ip G S{Tr,g), the representations pj and Pg are 
unitarily equivalent to the GNS representations tt/ and Tig, respectively. 
For notational simplicity we identify pj with ttj and pg with vr^. Since pf 
and Pg are essentially self-adjoint by assumption, (pf)** and (pg)** are 
self-adjoint. Therefore, by Proposition [21 there are subrepresentations 
pi and p2 of vr such that vr = (p/)** © pi and vr = (pg)** © P2- 

Conversely, suppose that F G Q{f,g)- By Proposition [5l there is 
an intertwiner Tq G /(p/, {Pg)*) — -^(^/^ (^g)*)) such that ||To|| < 1 
and (IT^ holds with T replaced by Tq. Define T : ^/(p/) © 'H(pi) — !■ 
^(Pj ©•H(P2) by r(e/, 6) = (To^/, 0). Clearly, T* acts by T*(r/„ 772) = 
(TQ*?7g,0). Since (p^)** = (pg)* and (p/)** = (p/)* by assumption and 
To G I{pf, {Pg)*), it follows from Proposition 8.2.3, (iii) and (iv), in |15J 
that 

ToG/((p^)**,(Pgr) = /((p;)**,(p,r), 
ToG/((p,r,(p/r) = /((p.r,(p/r)- 

From these relations we easily derive that the operators T and T* are in 
7r(yl)'^, so that T G vr(A)'^g by ([5]). Then we have ||T|| = ||To|| < 1 and 
F{1) = {TQ(f,ip) = {T(f,ip). Togther with the first paragraph of this 
proof we have shown that the supremum over the operators T G vr(A)'^^, 
||T|| < 1, is equal to the supremum over the functionals F G G{f,g)- 
Since the latter is equal to PaH, q) by Theorem |U this proves (ITSi) . D 

Remark. A slight modification of the preceding proof shows the 
following: If we assume that the closures vf/ and Ifg of the GNS rep- 
resentations VTj and TTg are self-adjoint, then the assertion of Theorem 
[7] remains valid if it is only assumed that vr is closed rather than bi- 
closed. A similar remark applies also for the subsequent applications 
of Theorem [7] given below. 

Theorem [7] says that (in the case of essentially self-adjoint GNS 
representations vr^ and vr^) the transition probability P{f,g) is given 
by formula (ITS]) in any fixed biclosed ^-representation vr for which 
the sets S{7r,f) and S{7T,g) are not empty and for arbitrary fixed 
vectors ip G S{iT,f) and ip G S{TT,g). In particular, we may take 
vr := (vr/)** © (vrj**, ip := cpf, and ^ := cpg. 

Theorem 8. Suppose that f,g^ T^i^) '^^^ the GNS representations 
TTf and TTg are essentially self-adjoint. Suppose that it is a biclosed *- 
representation of A and there exist vectors (p G 5'(vr, /) andip G 5'(vr, g). 
Let F^ and F^ denote the vector functionals on the von Neumann al- 
gebra M. := (vr(A)'^^)' given by F^^i^x) = {xip,ip) and F^{x) = {xip,ip), 
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X G A1. Then we have 

(16) PA{f,g)=PM{F^,F^). 

Further, there exist vectors (p' G 5'('7r, /) and ip' G 5'(7r, g) such that 
{x(p',ip') = {xip,ip) and {xip'^ip') = {xip,ip) for x G M. and 

(17) PaU,9) = \{v\^')?- 

Proof. Since 7r(y4)'g^ is a von Neumann algebra, we have T G 7r(y4)'^^ if 
and only if T G (7r(A)'^^)" = A^' . Therefore, applying formula (fT5|) to 
the *-representation tt of A and to the identity representation of the 
von Neumann algebra A^, it follows that the supremum of KTyj,?/')^ 
over all operators T G 7r(yl)'^g = Ai\ ||T|| < 1, is equal to P^lf^g) 
and also to Pj\^ {F^, F^). This yields the equality (IT^ . 

Now we prove the existence of vectors (/?' and ■?/'' having the desired 
properties. In order to do so we go into the details of the proof of 
[21 Appendix 7]. Besides we use some facts from von Neumann al- 
gebra theory [TlJ. We define a normal linear functional on the von 
Neumann algebra A^' by h{-) = {-(pjip). Let h = Ru\h\ be the polar 
decomposition of h, where -u is a partial isometry from A4'. Then we 
have \h\ = Ru*h and hence \\h\\ = \\ \h\ \\ = \h\{l) = h{u*) = {u*ip,4'). 
Therefore, we obtain 

(18) Pm{F^,F^)= sup |(ry.,^)|2 = ||/if = («V,^)2, 

TgA^',|lT||<l 

where the first equality follows formula flT^ applied to the von Neu- 
mann algebra Ai. In the proof of [2, Appendix 7] it was shown that 
there exist partial isometries v,w & Ai' satisfying 

(19) {u*(p,^) = {v*wip,ilj), 

(20) w*w > p{(p), v*v > p{ip), 

where p{(p) and p{ip) are the projections of Ai' onto the closures of 
Aiip and Aiip, respectively. Set if' := wip and ip' := vip. Comparing 
([I9D with ([HD and (^ we obtain ([T7D. 

From (120|) it follows that {x(f',(f') = {x!f,!f) and {xip',ip') = {xip^ip) 
for X & Ai and that w*w(p = ip and v*vip = ip. Since w,w* G A^' = 
7r(a)'^^ and vr is closed, we have w,w* G vr(a)'^ by ([5l Therefore, w 
and w* leave the domain 'D^tt) invariant, so that (p' = wip G T>{'k) and 
ip' = vip G T>{7i). For a G A we derive 

{7i{a)ip',ip') = {7i{a)xip,wip) = {w* IT (a) wip,ip) 

= {TT{a)w*Wip,ip) = {7T{a)(p,ip) = f{a). 

That is, ip' G S{n,f). Similarly, tp' G S^iTjg). D 
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Theorem [16] allows us to reduce the computation of the transition 
probability of the functionals / and g on A to that of the vector func- 
tional F^p and F^ of the von Neumann algebra Ai = (7r(A)g^)'. In the 
next section we will apply this result in two important situations. 

The following theorem generalizes a classical result of A. Uhlmann 
[T7] to the unbounded case. 

Theorem 9. Let f,g& '^i^) be such that the GNS representations iTf 
and TTg are essentially self-adjoint. Suppose that there exist a positive 
linear functional h on A and elements b,c & A such that f{a) = h{b^ab) 
and g{a) = h{c^ac) for a E A. Assume that c'^b E^A'^. Then 

PA{f,g) = h{c+bf. 

Proof. Recall that Tih is the GNS representation of h with algebraically 
cyclic vector yj/j. By the assumptions /(■) = h{b~^ -b) and g{-) = h{c^ -c) 
we have TXh{h)'^h e S{TihJ) and ■Kh{c)<^h e S{nh,g). Therefore, 

h{c+b)' = {7ih{b)^h,Mc)vf < PA{f,g). 

To prove the converse inequality we want to apply Theorem [7| to the 
biclosed representation vr := {iTh)**- Suppose that T G '7r(A)'^g and 
||T|| < 1. Set R := 7r(c+6). Since c^b G ^ A^ by assumption, i? is a 
positive, hence symmetric, operator. Since vr := {iih)** is closed, we 
have T G vr(A)'^. Using these facts and the Cauchy-Schwarz inequality 
we derive 

\{T7ihib)iph,rCh{c)^h)\'^ = \{T7r{b)iph,7r{c)iph)\'^ = \{n{b)Tiph,TT{c)(fh)\'^ 

= \{RTiph,iph)\^ < {RTiph,Tiph){RVh,^h) 

(21) ={RTipn,Tiph)h{cn). 

Since T G 7r(yl)'^^, we have TR C RT . There exists a positive self- 
adjoint extension i? of i? on ^(71) such that TR C RT |T6| Exercise 
14.14]. The latter implies that TR^/"^ C R^/'^T and hence 

{RT^h^T^h) = (RTiph.Tiph) = {R'/^Tiph,R'/^Tiph) 

= (TR'/^^h^TR'/^^h) < {R"^^h.R^'^Vh) 

(22) = {Riph,iph) = {Riph,<^h) = {7ih{c^b)iph,'~Ph) = h{c'^b) 
Inserting (p2]) into (12T]) we get 

\{Tnh{b)^h,7^hic)vh)\'' < hic+b). 
Hence PA{f,g) < h{c'^b) by Theorem [7] D 
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Remarks. 1. The assumption c^b E^A"^ was only needed to ensure 
that the operator R = 7r(c^6) = (7r/i)**(c^6) is positive. Clearly, this 
is satisfied if F{c~^b) > for all positive linear functionals F on A. 

2. If the closures of the GNS representations tt/ and iTg are self- 
adjoint, we can set vr := Wh in the preceding proof and it suffices to 
assume that h{a^c^ha) > for all a G A instead of c^b G ^^^. 

4. Two Applications 

To formulate our first application we begin with some preliminaries. 

Let p be a closed *-representation of A. We denote by Bi(p(A))_|_ the 
set of positive trace class operators on Hip) such that t'H(p) C V{p) 
and the closure of p{a)tp{b) is trace class for all a,b E A. 

Now let t G Bi(p(A))_|_. We define a positive linear functional ft by 

ft{a) := Tr p(a)t, a e A, 

where Tr always denotes the trace on the Hilbert space 'H(p). Note 
that ftia) > if p{a) > (that is, (p(a)(/?, </?) > for all if G V{p)). 

In unbounded representation theory a large class of positive linear 
functionals is of the form ft. We illustrate this by restating the fol- 
lowing theorem proved in [H]. Recall that a Frechet-Montel space is 
a complete metrizable locally convex space such that each bounded 
sequence has a convergent subsequence. 

Theorem 10. Let f be a linear functional on A and let p be a closed 
* -representation of A. Suppose that the locally convex space T'(p)[tp(^)] 
is a Frechet-Montel space and f{a)>0 whenever p{a) > for a E A. 
Then there exists an operator t G B(p(y4))+ such that f = ft, that is, 
f{a) = Tr p{a)t for a E A. 

Further, let A^ be a type / factor acting on the Hilbert space 'H(p) 
and let try^ denote its canonical trace. Since in particular t is of trace 
class, Ft{x) = Trxt, x G A^, defines a positive normal linear functional 
Ft on A^. Hence there exists a unique positive element t E A4 such 

that tr_A/( ( t ) < oo and 

(23) Ftix) = Tr xt = tr^ xi for x E M. 

The element t can be obtained as follows. Since A^ is a type I factor, 
there exist Hilbert spaces "Hq and "Hi such that, up to unitary equva- 
lence, 'H(7r) = Tio^Tii and Al = B('Ho)®C-/^i. The canonical trace 
oi A4 is then given by tr mIv ^ ^ ■ Ini) '■= Tri Xy, where Tri denotes the 
trace on the Hilbert space Tii. Now Ft{y) := Ftiy ® luj, V ^ B('Ho), 
defines a positive normal linear functional Ft on B('Ho). Hence there 
exists a unique positive trace class operator t on the Hilbert space "Ho 
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such Ft{y) = Tiyt for y G B('Ho)- Set t := t ® Ini- Then we have 
tr_A4 t = Tri t < CO and (123|) holds by construction. 
Note that tr^^ = Tr and t = i ii M =B{n{p)). 

Theorem 11. Let p be a closed ^-representation of A such that the 
von Neumann algebra Ai := (p(v4)(,^)' is a type I factor. For s,t G 
B(p(y4))+, let fs, ft denote the positive linear functional on A defined 
by 

fs{ci') = Tr p(a)s, ftia) = Tr p(a)t for a E A. 

Suppose that the GNS representations ixj^ and 7Cf^ are essentially self- 
adjoint. Then 

(24) PAifsJt) = {tTM \i'/H'/'\f = {tTM [s^Hs^'^Y'^f. 

Proof. Let poo be the orthogonal sum ©J^q P '^'^ ^oo = ©^o "^(p)- 
Since p is biclosed, so is the ^-representation poo of A. We want to 
apply Theorem [HI First we will describe the GNS representations ttj^ 
and TTf^ as *-sub representations of p^Q. 

The result is well-known if 'H(p) is finite dimensional [T^, so we can 
assume that 7i{p) is infinite dimensional. Since s G Bi{p{A))^, there 
are a sequence (A„)„gN of nonnegative numbers and an orthonormal 
sequence {ipn)nm of 'H(p) such that ipn G ^(p) for n G N, 

s(p = ^(v5, ipn)KVn for If eT-i{p), 

n 

and {p{a)\n fn)n&^ G "Hoo for all a G ^. Further, for a G A we have 

oo 

(25) fs{a) = ^ (p(a)v5„, A„v5„). 

n=l 

All these facts are contained in Propositions 5.1.9 and 5.1.12 in [15j. 
Hence 

p$(a)(p(6)AyVn) := (p(a&)-^yVn), a,b e A, 
defines a ^-representation p$ of ^ on the domain 

"^(P*) := {(p(a)-^yVn)neN; a G ^} 
with algebraically cyclic vector $ := (An </?n)ngN- From (125|) we derive 

oo 

fs{a) = J2 (p(«)^yVn, A^Vn) = (P*(a)$, $) =: /*(a), a G A, 

n=l 

that is, fs is equal to the vector functional /$ in the representaton 
p$. Therefore, by the uniqueness of the GNS representation, tt/^ is 
unitarily equivalent to p$. Likewise, the GNS representation ttj^ is 
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unitarily equivalent to the corresponding ^-representation p^,, where 
tip = Ylni'^^ '4^n)fJ'n'^n IS & Corresponding representation of the operator 
t and \1/ := (/i„ 4'n)neN- Clearly, since p$ C p^ and p$ C p^, we 
have $ e ^(poo, /s) and ^ G S'(poo, /*)• 

Let A^oo denote the von Neumann algebra (poo(^)ss)'- Then, by 
Theorem [HI we have 

(26) PAifsJt) ^ PAiU,U) = PmAF^,F^)- 

Let X G B('Hoo)- We write x as a matrix {xjk)j^kef'i with entries Xjk G 
B('H(p))). Clearly, a; belongs to in pooiAYgg if and only if each entry 
Xjk is in p(y4)(,^. Further, it is easily verified that x is in (poo(-4)'^^)' 
if and only if there is a (uniquely determined) operator xq G (p(y4)'^^)' 
such that Xjfc = 6jkXo for all j, k E N. The map vr(xo) := x defines a 
*-isomorphism of von Neumann algebras Ai := (p(v4)(,^)' and A^oo = 
(poo(-4.)^^)', that is, TT is a ^-representation of Ai. 

As above, we let Fg and Ft denote the normal functionals on Ai 
defined by Fs{x) := Ttxs and Ft{x) := Trxt, x G Ai. Repeating 
the preceding reasoning with p and A replaced by tt and At, respec- 
tively, we obtain Fs{-) = (7ro(-)$,$) = F^{-) and Ft = F^. Hence 
PM{Fs,Ft) = Pm^{F^,F^), so that 

(27) PAifsJt) = PM{Fg, Ft) 

by fl2B]) . It is proved in [3, Corollary 1] (see also [T7]) that 

PM{Fg,Ft) = {tiM\i'/'s'/'\)'. 

Combined with (1271) this yields (130|) and completes the proof. D 

Let us remain the assumptions and the notations of Theorem [11] 
In general, PA{fs, ft) is different from (Tr (s^^^ t s^/^)^/^ )^ a simple 
examples show. Howover, if in addition p is irreducible (that is, if 
p{A)'gg = C ■ /), then s = s and t = t as noted above and therefore by 
we have 



(28) P^(/.,/,) = (Tr(.V2,, 1/2)1/2 )2_ 

We now apply the preceding theorem to an interesting example. 

Example 2. {Schrodinger representation of the Weyl algebra) 

Let A be the Weyl algebra, that is, A is the unital *-algebra generated 

by two hermitian generators p and q satisfying 

pq — qp = — il. 
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and let p be the Schrodinger representation of A, that is, 
(29) 

{p{q)^){x) = x<^{x), {p{p)^){x) = -i— (^(x), ^ e V{p) := S{R), 

onL2(R). Since p is irreducible, poo(^)L = C-/. Hence M = B{n{p)) 
and tr_A4 = Tr. Therefore, if s,t G B(7r(A))+ and the GNS represen- 
tations TTf^ and VTjj are essentially self-adjoint, it follows from Theorem 
HU and formula ([MD that 

(30) P^(/„ /,) = (Tr |tV2,i/2|)2 = ( Tr (s'/Hs'/'y/' f. 

Let us specialize this to the rank one case, that is, let s = (p ® ip 
and t = ip ® ip with ip,ip E '^'(p), so that /s(a) = {p{a)ip,ip) and 
/i(a) = {p{a)ilj , ip) for a G A. Then formula (150]) yields 

(31) PA{fsJt) = \{V,^)\'- 

Recall that (13 ip holds under the assumption that the GNS representa- 
tions TTf^ and TTjj are essentially self-adjoint. We shall see in section |S] 
below that (131 p is no longer true if the latter assumption is omitted. 

Now we turn to the second main application. 

Theorem 12. Let X be a locally compact topological Hausdorff space 
and let A he a *-subalgebra of C{X) which contains the constant func- 
tion 1 and separates the points of X. Let p he a positive regular Borel 
measure on X such that A C L^{X, p) and let rj,^ E L°°{X, p) he non- 
negative functions. Define positive linear functionals f^ and f^ on A 
by 
(32) 



fr]{.o) = / a{x)ri{x) dp{x), /^(a) = / a{x)^{x) dp{x) ior a G A. 

J X J X 

Suppose that the GNS representations tt/^ and tt/^ are essentially self- 
adjoint. Then 

(33) P^(/„ h)={^j^ r^{xf"i{xf" dp{x)^ . 

Proof. We define a closed *-representation vr of the *-algebra A on 
L^(X, p) hy Ti{a)ip = a ■ if for a E A and ip in the domain 

Vi^-K) := {(/? G L2(X, p) : a ■ V? G L'^{X, p) for a G A}. 

First we prove that Ti{A)'^g = L°°{X,p), where the functions of 
L°°{X,p) act as multiplication operators on L^(X, p). Let 21 denote 
the *-subalgebra of L°°{X,p) generated by the functions (a ± i)^^. 
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where a = a~^ E A. Obviously, L°°{X,fi) C 7r(A)'^g. Conversely, let 
X G 7r(y4)'^^. It is straightforward to show that for any a = a'^ E A 
the operator 7r(a) is self-adjoint and hence equal to the (self-adjoint) 
multiplication operator by the function a. By definition x commutes 
with 7r(a) , hence with (7r(a)±i/)~^ = (a±i)~^, and therefore with the 
whole algebra 21. The *-algebra A separates the points of X, so does the 
*-algebra 2t. Therefore, from the Stone-Weierstrass theorem P, Corol- 
lary 8.2], applied to the one point compactification of X, it follows 
that 21 is norm dense in Cq{X). Hence x commutes with Cq{X) and 
so with its closure L'^{X,fi) in the weak operator topology. Thus, 
X e L°°{X,^)'. Since L°°(X,/i)' = L°°{X,fi), we have shown that 
7T{Ay^, = L~(X,/i). Therefore, M := {n{Ayj' = L°°(X,/i). 

Let Ffj and F^ denote the positive linear functionals on Ai defined by 
( !32|) with A replaced by M. For M = L°°(X, /x) it is well-known (see 
e.g. formula (14) in [Ij) that PMiFr,, F^) = ( /^ ri{xY/^^{xy/^ dfx{x) f. 
Since PaUvi f() = -Pm(-^»?; F^) by Theorem [HI we obtain (133|) . D 

In the following two examples we reconsider the one dimensional 
Hamburger moment problem (see Example [T]) and we specialize the 
preceding theorem to the case where X = M and A = C[x]. 

Example 3. Determinate Hamburger moment problems 
Let /i^ and /i^ be the positive Borel measures on M defined by dfi^^ = rjdfi 
and d^^ = ^dfi. Since C[x] G L^{M.,fi) and ?7, ^ € L°°(M, /i), we have 
fir),f^£, G M(]R). If both measures /i^ and fi^ are determinate, then the 
GNS representations tt/^ and rcf^ are essentially self-adjoint (as shown 
in Example [T]) and hence formula (155]) holds by Theorem [T^ 

Example 4. Indeterminate Hamburger moment problems 

Suppose z/ G M(]R) is an indeterminate measure such that ulM.) = 1. 

Let Vj, denote the set of all positive Borel measures fi G M(M) which 
have the same moments as u, that is, J x^dulx) = J x^dfi{x) for all 
n G Nq. Since z/ is indeterminate and V^ is convex and weakly compact, 
there exists a measure fi E V,y which is not an extreme point of V^, that 
is, there are measures /Ui,/i2 € Vu, A^j 7^ f^ for j = 1,2, such that 
fi = |(/ii + fi2). Since fij{M) < 2/i(M) for all measurable sets M and 
/Wi + /i2 = 2/i, there exists functions r], ^ G L°°(R, z/) satisfying 

(34) r7(x) + ^{x) = 2, ll^lloo < 2, Hr^Hoo < 2, dfii = rfdfi, dfi2 = ^dfi. 

Define f{p) = J p{x)dfi{x) for p G C[x]. Since fii, fi2, fJ' G VJ^, the 
functionals /^ and /^ defined by (132]) are equal to /. Therefore, since 
/(I) = /x(M) = u(R) = 1, we have P^(/„ /g) = P^(/, /) = 1. 
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Put J := {J^ r]{xy^'^^{xy/'^ djj{x)y. From ([3l]) we obtain r]{x)^{x) = 
r]{x){2 — ri{x)) < 1 and hence J < 1, since /i(M) = 1. If J would be 
equal to 1, then r]{x){2 — r]{x)) = 1 /i-a.e. on M which implies that 
r]{x) = 1 /i-a.e. on M by (1M|) . But then /ii = /i2 = /^ which con- 
tradicts the choice of measures /ii and fi2- Thus we have proved that 
J 7^ 1 = P^(/^, /g), that is, formula (133|) does not hold in this case. 

The classical moment problem leads to a number of open problems 
concerning transition probabilities. We will state three of them. 

Let M{M.'^), d eN, denote the set of positive Borel measures /j, on W^ 
such that all polynomials p{xi, . . . , Xd) G C[xi, . . . , x^] are /x-integrable. 
For /i G M{R'^) we define a positive linear functional g,^i on the *-algebra 
A := C[xi,...,Xd] by 

9fi{p)= pdjJ^, p eC[xi,...,Xd]. 

Then the main problem is the following: 

Problem 1: Given fi,!/ G M(M'^), what is PA{gfj.,gu) ? 

This seems to be a difficult problem and it is hard to expect a suf- 
ficiently complete answer. For d = 1 Example [3] contains some answer 
under the assumption that both measures /x^ and /x^ are determinate. 
This suggests the following questions: 

Problem 2: What about the case when the measures /i^ and/or fi^ in 
Example\^ are not determinate? 

Problem 3: Is formula ^3^ still valid in the multi-dimensional case 
d > 1 if firi o-nd /ig are determinate ? 

It can be shown that the answer to problem 3 is affirmative if all mul- 
tiplication operators 7r^(xj), j = l,...,d, are essentially self-adjoint. 
The latter assumption is sufficient, but not neccessary for /z being de- 
terminate [13]. In the multi-dimensional case determinacy turns out to 
be much more difficult than in the one- dimensional case, see e.g. 



5. Vector Functionals of the Schrodinger 
Representation 

The crucial assumption for the results in preceding sections was the 
essential self-adjointness of GNS representations ttj and TCg. In this 
section we consider the simplest situation where iTf and vr^ are not 
essentially self-adjoint. 

In this section A denotes the Weyl algebra (see Example [2]) and tt 
is the Schrodinger representation of A given by (12^ . For rj G 'D{7t) = 
S{M.) let fri denote the positive linear functional /^ on A given by 

/^(x) = (7r(x)r/,r/), x e A. 
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Consider the following condition on the function rj: 

{*) There are finitely many mutually disjoint open intervals Ji{r]) = 
{ai,/3i), I = 1,. . . ,r, such that r]{t) ^ for t G J{ri) := Ui Ji^rj) and 
r^(")(t) =Oforte M/J(r/) and all n G Nq. 

The main result of this section is the following theorem. 

Theorem 13. Suppose that (f andip are functions ofC^{M.) satisfying 
condition (*). Then 



(35) 



PA{f^,f^)=(j2 [ 
\ 1.1 J J 



!^{x)ip{x) dx 
'JkMnJiW 



k,l 

(If <Jk{'^) ^ Jiii') is empty, the corresponding integral is set zero.) 

Before we turn to the proof of the theorem let us discuss formula 
( !35l) in two simple cases. 

• If both sets J'i^p) and J'{'ip) consist of a single interval, then 



PAififi, f^) 



(p{x)^{x) dx 



that is, in this case formula (13T|) holds. 

• Let ^,ij e C^(M) be such that J{<^) = J{ij), Jk{^) = Jk{ip) and 
^p{x) = ekip{x) on J'k{y:>) for A; = 1, ■ ■ ■ ,r, where tk G {1,-1}. Then 
formula (135|) yields PAifip, ftp) = \\f\\'^- It is easy to choose (f ^ and 
the numbers e^ such that {(fyip) = 0, so formula (1311) does not hold in 
this case. 

The proof of Theorem [T^requires a number of technical preparations. 
The first aim is to desribe the closure Wf of the GNS representation 
Tif for a function rj G C^(M) satisfying condition (*). 

Let Pri denote the restriction of vr to the dense domain 

r 

^(P.) = {e e 0C°^((«,, A)) : e^'H«z) = e^'^A) = 0, fc G No, / = 1, . . . ,r} 
1=1 

in the Hilbert space LF'{J{ri)). The following lemma says that p^ is 
unitarily equivalent to vfj, . 

Lemma 14. There is a unitary operator U of 'H{7Cf^ ) onto L'^^Jirf)) 
given by U{'Kf^ {(^)v) = Pvi^)v> a, G A, such that p^ = UWf^ U* . 

Proof. From the properties of GNS representations it follows easily that 
the unitary operator U defined by (/{iTf {a)r]) = pjj{a)r], a & A, provides 
unitary equivalences r^ = UiTf^U* and r^ = UWf^U*, where r^ denotes 
the restriction of n to Vi^p^^) = n{A)ri. Clearly, r,, C p^ and hence r^ C 
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p.^, since p^ is obviously closed. To prove the statement it therefore 
suffices to show that p^ is the closure of r^, that is, 7c{A)ri is dense in 
T>{pri) in the graph topology of p,j(A). For this the auxiliary Lemmas 
[T5] and [T6] proved below are essentially used. 

Each element a G A is of a finite sum of terms f{q)p"', where n G Nq 
and / G C[q]. Since r] G C^(M), the set jT{i]) and hence the operators 
7ro(/(g)) are bounded. Therefore, the graph topology ip^{A) is generated 
by the seminorms \\prj{p)"' ■ \\, n E No, on 'D(pr^). Let tp G V{pr^). 

First assume that ip vanishes in some neighbourhoods of the end 
points ai,f3i. Then, by Lemma [TCj for any m G N there is sequence 
(/n)neN of poljTiomials such that 

hm p,((ip)'=)(p,(/(g))r^ - ^) = lim ((^r/)^ - ^«) = 

n n 

in L'^{J'{ri)) for k = 0, . . . ,m. This shows that ip is in the closure of 
p.ri{A)ri with respect the graph topology of Pr^{A). 

The case of a general function ip is reduced to the preceding case as 
follows. Suppose that e > and 2e < min^ |/3; — ai\. We define 

iJs{x) = ip{x -e + 2e{x-ai-e){f3i-ai-2e)~'^) for x e {ai, f3i) 

and I = 1, . . . ,r and ipei^) = otherwise. Then ipi, vanishes in some 
neighbourhoods of the end points ai, Pi, so ipg is in the closure of p^(y4)?7 
as shown in the preceding paragraph. Using the dominated Lebesgue 
convergence theorem it follows that 

lim pJ(ip)'')(ilJe - ^) = lim (^f ^ - i/j^''^) = 
in L'^{J{ri)) for k G Nq. Therefore, since ipe is in the closure of p^(y4)r7, 

so is ip. n 

Lemma 15. Suppose that g G C''^^([a, /3]), where a,/3 E M. and 
/c G N. Then there exists a sequence (/n)ngN of polynomials such that 
fn (x) =^ g^^\x) uniformly on [a, /3] for j = 0, . . . ,k as n — )■ oo. 

Proof. By the Weierstrass theorem there is a sequence (/i„)„gN of poly- 
nomials such that hn{x) =^ g^^\x) uniformly on [a,/?]. Fix 7 G [a,/?] 
and set /i„ jt := hn- Then 

/i„,,_i(x) := g(>'\^)+ r h^^,{s)ds ^ g'^'-'\x) = g'^'\^)+ r g'^'\s)ds. 

J ^ J ^ 

Clearly, (/in,fc-i)neN is sequence of polynomials and we have /i^ fe_i(a^) = 
hn,k{x) on [a, /?]. Proceeding by induction we obtain sequences {hn,k-j)nen, 
j = 0, ■ ■ ■ , fc, of polynomials such that hn,k-j{x) =^ g^^~^\x) and 
^'n,k-ji^) — hn,k+i-j{x) on [a, f3]. Setting fn := /i„,o the sequence 
(/n)neN has the desired properties. D 
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Lemma 16. Suppose that rj G C^(]R) satisfies condition {*). Let tp G 
®l=i Cq {{ai, /3i)), where m E N. Then there exists a sequence (/„)„gN 
of polynomials such that lim„^oo {fnvY'^^ = '^^'^^ ^'^ L^i>^iv)) /o?" k = 
0, . . . ,m. 

Proof. By the assumption ip vanishes in some neighbourhoods of the 
end points ai and Pi. Set ip{x) = on 'R/J'{r)). Then, ipt]'^ becomes a 
function of C^"^\[a, (3]), where a := min; ai and (3 := max/ /3/. There- 
fore, by Lemma [T^ there exists a sequence {fn)nm of polynomials such 
that fn (x) =^ {ipri^^Y^\x) for j = 0,...,m uniformly on [a,/3]. 
Then 

as 72 — > oo uniformly on [a, (3] and hence in L'^{J{ri)). D 

Now we are able to give the 
Proof of Thorem \T^ Let us abbreviate vr^ = vf j^ and vr^ = vf j . By 
Lemma [M] the closure vr^ = vf/^ of the GNS representation tt/^ is uni- 
tarily equivalent to the representation p^. For notational simplicy we 
shall identify the representations vr^ and p^ via the unitary U defined 
in Lemma [TH Using this description of vr^ = p^ it is straightforward to 
check that the domain ©((vr^)*) consists of all functions g G C°°{J'{'il))) 
such that their restrictions to Ji{ip) extend to functions of C°°{ J'i{4') ) 
and g{t) = on M./ J'l'ip). Further, we have {TT^)*{f{q))g = f ■ g and 
(vrv,)*(p)(7 = -ig' for g G ©((vr^)*) and / G C[q]. 

Suppose that T G /(vr^, (tt^)*) and ||T|| < 1. Set ^ := Tip. By the 
intertwining property of T, for each polynomial / we have 

(36) T(/ ■ if) = T7r^{f{q))if = (7r^)*(/(g))T^ = (7r^)*(/(g))e = / ■ ^ 

Therefore, since ||T|| < 1, we obtain 

(37) 

^ \fix)mx)\'dx = f\T{f.^){x)\'dx< f \f{x)\'\v{x)\'dx 

J a J a 

for all polynomials / and hence for all functions / G C[q;,/3] by the 
Weierstrass theorem. Hence (13 7p implies that 

(38) Ux)\<\^{x)\ on [a, 13]. 



Therefore, ^(x) = if x G W./ J{^). Clearly, ^{x) = if x G M/ J^(^), 
since ^ G ©((vr^)*). Since y9 satisfies condition (*), the set {/ ■ y9 : / G 
C[x]} is dense in L'^{J{ip)) = T-Lij^^). Therefore, it follows from (J36l) 
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that T is equal to the niultiphcation operator by the bounded function 
^(p~^. (Note that ^(p^^ is bounded by (1381) .) In particular, we obtain 

ip' . ^(^-1 = Tip' = T7r^{ip)ip = {7r^y{ip)Tip = (7r^)*(ip)^ = ^' 

Thus, ip'{x)^{x) = ip{x)^'{x) which in turn implies that (-)'(x) = 
for all X E J^ {ip)r]J' {-ip) . Hence - is constant, say ^(x) = \ip{x) for some 
constant A G C on each connected component of J7'(vj)nj7'('?/'). By (138|) . 
|A| < 1. The connected components of the open set JT{(p) n JT{ip) are 
precisely the intervals Ji{'p>) fl Jk{ip) provided the latter is not empty. 
Conversely, suppose that for all indices /, k such that J'i{(p)r\J'k{ip) 7^ 
a complex number Xk,i, where \Xk,i\ < 1, is given. Set ^{x) = \kiip{x) 
for X G Jii^p) r\J'k{'ip) and ^{x) = otherwise. From the description of 
the domain P((7r^)*) given in the first paragraph of this proof it follows 
that ^ G V{{tt^)*). Define T{n^{a)ip) := (7r^)*(a)^, a e A. It is easily 
checked that T extends by continuity to an operator T of T-LItc^) = 
L'^{J{^)) into H((7r^)*) = L'^{J{ip)) such that T G /(tt^, (tt^)*) and 
||T|| < 1. Since Tip = ^, we have 

{Tip,tp) = V Xk,i / (p{x)'ilj{x)dx. 

Therefore, the supremum of expressions | {Tip, ip) \ is obtained if we 
choose Xk^i such that the number Xk,i Jj / )nJ(^h) V^i^dx is equal to its 
modulus I Jj , .^j , ,^ ipxlxixl. This implies formula ( l35l) . □ 
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